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Biological neurons
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Hodgkin—-Huxley model
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Figure: Hodgkin & Huxley (1952)
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https://mark-kramer.github.io/BU-MA665-MA666/Readings/Hodgkin_Huxley_1952.pdf

Hodgkin-Huxley dynamics

Four coupled differential equations

dV
Cm% — [(t) — gNamBh(V — ENa)

— grn*(V — Ex) — gL (V — Ev)

dm

prl am(V)(1 —m) — B (V)m
dh
= (V)1 h) = (V)
dn

= a,(V)(1 —n)— B,(V)n

v

Membrane voltage

m,h,n

Channel gating



Biological inspiration and mathematical models

z=w'xz+b, h = ¢(z)

» Biology motivated weighted connections and nonlinear responses.

e Our goalis to learn useful functions from data.

* These networks do not simulate ion currents or spike timing.



Welghted inputs

b Bias

w2 Z
@ :
w3

d
z:wa+b:ija:j+b
j=1

« Each weight scales its input’s contribution.
« The bias adds an offset to the weighted sum.



Threshold neuron

1 s =1{z > 0}
3 = T; + 0
§ A 22310¢BZ%—
g 0.5
-g  Active: 1

* Inactive: 0O




Sigmoid firing probability

1
1
— Z p—
p=o0(z)=7 g
2
I Pr(s=1]|x) =p
g 0.5
o(—2) ~ 0.12
0 a(0) = 0.50
6 4 -2 0 2 4 6

Scorez 0_(2) ~ 088



Binary and continuous activations

Stochastic binary unit Ordinary sigmoid MLP
s ~ Bernoulli(p) h=o0(z)=p
Els | x] =p For p=0.8: h=0.38

« Eachsampled eventisOor 1. « Pass the continuous response.
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A layer of heurons

@ w1 x + by

@ Wwo T + by

@ wga: + b3

hj = O'(’LU;I—LE —+ bj),

« Same input; different weights and biases.

7=12,3
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Layer notation

T ,
zj—wjx—l—bj

z=Wx b, W =

* Onerow of W belongs to one output unit.

« An affine map includes the bias.
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Vectors, matrices and dimensions

reRY WeR™94 WgeR™

« Acolumnisone example; coordinates are its features.

« Rows of W specify different weighted sums.
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Elementwise activation
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« Apply the scalar function separately to each entry.
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Matrix products and elementwise products

1 2 5 0
S I
Matrix product Elementwise product
19 22 5 12]
AB=143 50 AOB=191 32

« Combines rows with columns. « Multiplies matching entries.



Rel_ U activation

Response

d(z) = max(0, z)

* Negative input =0

« Positive input —
unchanged response
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Multilayer perceptron

O O
O O

Input Hidden layer 1 Hidden layer 2

« Hidden layers transform the representation.

« The output layer produces the task’s prediction or scores.

Output
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Nonlinear feature maps

Input coordinates Chosen nonlinear coordinates
2 3
0%,
1 .. ..
° ° L 2 @000 00 0 00000
o ® C>\1<
0 ° °
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® o P% 1
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L
2 0]
2 1 0 1 2 -2 1 0] 1 2
x1 x1
® |nner class ® Quter class — Linear boundary
-
s=w'x+b s=v ¢(x)+c

18



Information in a representation

A different task: upper or lower

1.5
1 o
~ 0.5
P
*é. 0
= 0.5
-1 o
-1.5
-1.5 -1 -0.5 0] 0.5 1 1.5

Input x1

® Upper @ Lower

$(x) = (z1, =7 + x3)

The same fixed feature map

2.5

2
1.5

1 o
0.5

o)

-0.5
-15 -1 05 O 0.5 1

First feature

Squared radius

® Both inputs

Qb(ov 1) — Qb(Ov _1) — (07 1)

Once two inputs have the same representation, the output cannot distinguish them.

1.5
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Learned representations

Input coordinates
2
e®%e,
1 .. ..
o o
o o
0 ° °
Q o o
o o
1 .. ..
o oo o o
-2
-2 1 0 1 2
x1
® Inner class ® Quter class

ho (CB) - RQ,

Two learned coordinates

— Linear boundary

s=v"hg(x) + c
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MLP equations
= p(wllz 4 plth
Rl2l — gb(W[Q]h[l] 4+ 5[2])

s — WBIp2 4 plsl

« Each layer uses the previous layer’s responses.
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Forward computation

Parameters and input

r=1.5
w=(1,1,1)"
b=(0,—1,-2)"

v=(1,-1,1)", ¢=0

Computed values

z=wz +b=(15,0.5,-05)"

h = ReLU(z) = (1.5,0.5,0) "

y=v'h+c=1

22



Batched computation

X:[flfl o - - - CCB]ERdXB

WX =Wz, Wzy - Wapg] € R™*5

* The same weights are applied to every example.

* Abatchis acollection of examples, not a new layer.
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Biases and broadcasting

7 =WX +blg

1 1 1 1 |
_ T _
b= —921” o1 -2 -2 =2

« Each output unit shares its bias across the batch.

* Broadcasting expresses the repeated addition.



An MLP in PyTorch

import torch
from torch import nn

model = nn.Sequential(
nn.Linear(1, 32), nn.ReLU(),
nn.Linear(32, 32), nn.ReLU(),
nn.Linear(32, 1),

)

X = torch.tensor([[1.5], [2.0]])

prediction = model(x)

« Tensors store
arrays of numbers.

« Two hidden layers,
each of width 32

« One numerical
output per example

25



Function composition

Jo=Jrofr—10---0 [

Al = fi(Rl=1)

« Width: several responses computed in parallel

* Depth: responses transformed repeatedly

26
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Hypothesis class
The family of prediction functions the model can represent

Linear model MLP with 3 ReLU units

1.5 1.5

-0.5 :
1 -1
-1.5 -1.5
-1 -0.5 0] 0.5 1 -1 -0.5 0]
Input Input

0.5

28



Composition of affine layers

Without nonlinear activations

Wo(Wix + by1) + b
— (W2W1)ZC -+ (W2b1 —+ bg)

Stacking affine maps still gives an affine map.
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Logical operations with threshold units

Binary inputs: O = false, 1 = true.
A unit fires when its weighted sum reaches the threshold.

AND(.CEl,.CBQ) — 1{371 —+ Xo Z 2}
OR(QBl,ZBg) — 1{331 —+ Xo Z 1}

NOT(z) = 1{—x > 0}
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05 0 0.5

Input x1

® OutputO
— Candidate boundary

® Outputl

1.5

Exclusive OR

Output 1 when exactly one input
is 1.

Yy=x1 D T2

This line also predicts 1
for the input (1, 1).

No single straight line separates
both pairs.
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XOR In hidden coordinates

Two hidden threshold units Linear output
hl {£81—|—582_2} y:hl_hQ
ho = 1{x1 + 22 > %}
o 15
i -
(O]
5 1 O
£
£ 05
S
= 0 ® ®
o
-0. T -0.5
0.5 0 0.5 1 1.5 0.5 0 0.5 1

Input x1 Hidden coordinate hl



Half-plane tests

CMU - Universal representation

The inputs are
coordinates.

A hidden unit tests one
side of a line.

hi(x) = 1{w; x + b; > 0}

The first test selects points
above the bottom edge of
the polygon.

33


https://deeplearning.cs.cmu.edu/S25/document/slides/lec2.universal.pdf

Intersecting half-planes

CMU - Universal representation

One hidden unit per edge.
The numbers count how
many tests return 1.

y = 1{2 hi(z) > 5}

AND keeps the
intersection: all five tests
pass inside the pentagon.

34


https://deeplearning.cs.cmu.edu/S25/document/slides/lec2.universal.pdf

Combining polygons with OR

Each AND unit recognizes one polygon. The OR unit accepts either one.

CMU - Universal representation

35


https://deeplearning.cs.cmu.edu/S25/document/slides/lec2.universal.pdf

Complex decision regions

Recognize the convex pieces, then combine them.

4 N

o /

CMU - Universal representation



https://deeplearning.cs.cmu.edu/S25/document/slides/lec2.universal.pdf

RelLU hinges

Response

4
3
2
| ‘///”””””””’
OO 1 2 3

Input

— Threshold O = Threshold 1 = Threshold 2

}ij(?B) 22111183(((),37-—-tj)

 The bias sets the location
of a bend.

« A weighted unit changes
the slope after that point.

37



Location and slope of a RelLU hinge

The hidden bias chooses the bend; the output weight changes the slope.

4
S ’
: :
-1 CO 1 2

Input x

— RelLU(x) = RelLU(x-1) — 2RelLU(x-1)

f(x) = v ReLU(x — t)

38



Combining RelLU units

Weighted hidden responses Output: their sum

4 1

.g 2 / y

£ . \ 5 02

O 4 -0.2
-1 0 1 2 3 -1 0 1

Input x Input x
— Unitl =—Unit2 —Unit3 — Network output

f(x) = ReLU(x) — 2ReLU(xz — 1) + ReLU(x — 2)

39



Linear regions in ReLU networks

f(x) = ReLU(x + 1) — 2ReLU(x) + ReLU(x — 1)

1.25 Within a region, each
1 RelLU passes its input
X 075 through or outputs zero.
5 05 The network follows one
g 0.25 affine rule.
0
-0.25
-2 -1 0 1 2 At a boundary, a ReLU
Input x changes state and the

affine rule can change.
— Region 1 — Region 2 — Region 3 — Region 4

40



RelLU regions in two dimensions

The lines mark where a hidden unit switches between zero and positive.

2
f=—2x, . f =z =21

Input x2

2 1 0 1

;=0 R J =
-2

Input x1

— h1 switches =— hz2 switches

hl — ReLU(xl), hg — RGLU(IQ), f = hl — 2h2

41



Universal approximation

Response

1.5
« Each added RelLU can

1 introduce another bend.
0.5 « More bends give a closer

0 match to the target.
-0.5

1
1.5

0 0.25 0.5 0.75 1
Input
— Target = 4 segments =— 12 segments

42



Universal approximation theorem

On aclosed, bounded input region, a sufficiently wide network with one
RelLU hidden layer can approximate any continuous function as closely
as desired.

Limits of the result

* The required network may be very large.

* The theorem does not tell us how to find its weights.

43



| ocal window functions

Response

15
1
0.5 « Each window contributes
0 on a local interval.
0.5 , .
4 « More pieces can describe
oy finer variation.
0 0.25 0.5 0.75 1

Input

— Target — Windows

fl@) = ejl{t; <z <tj1)
j
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A sinusolidal expansion

One cycle Three cycles Their sum
1.5 1.5 1.5
1 1 1
o 05 o 05 o 05
c & =
. : /\/\/\/ :
o S .05 8 .05
m '0.5 m “J. m “JU.
-1 -1 -1
-1.5 -15 -1.5
0O 025 05 075 1 0O 025 05 075 1 0O 025 05 075 1
Input Input Input

f(z) = sin(2mx) + % sin(67x)
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Basis choice and approximation

8 local windows

1.5
1
0.5
o)
-0.5
-1

-1.5
O 025

Response

0.5
Input

0.75

— Target — Windows

32 local windows

1.5
1
Q 05 Q
g 0 g
¢ -0.5 0
(4 (4
-1
-1.5
1 o) 0.25 05 0.75 1
Input
— Target — Windows
f(z) = sin(2mx) + % sin(67x)

2 sinusoidal units

1.5
1
0.5
o)

-0.5

-1

-1.5

O 025 05

Input

0.75 1

— Exact
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Approximation cost

1 cycle
1.5
1
¢ 05 g
c c
g O S
¢ -0.5 0
(' (a'4
-1
-1.5
0O 025 05 075 1
Input

— Target — 32 segments

f(x) = sin(2rwx),

-0.5

4 cycles

1.5
1
0.5
o)

Response

-1

-1.5

0] 025 05 0.75 1
Input

— Target =— 32 segments

16 cycles

0 025 0.5 0.75 1
Input

— Target — 32 segments

32 linear segments in every panel
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Repeated composition

g(x) g(g(x)) g(g(g(x)))
1.5 1.5 1.5
o 1 o 1 o 1

& 2 2
2 05 g 05 g 05
0] 0] 0]
0] 0.5 1 0] 0.5 1 0] 0.5 1
Input Input Input

g(z) =2ReLU(z) —4ReLU(z — 2), x € [0,1]

48



Depth and width

300 Eightfold composition
255

250 Depth 8, width 2
. 200 16 hidden units
= 49 parameters
2 150
=
2 100 One hidden layer

50 At least 255 hidden units
16 At least 766 parameters
0 ]
8 hidden layers 1 hidden layer

g°% has 2" linear pieces on [0, 1]

one hidden layer: m +1 > 2*
49



Depth and input-space folding

Different input regions can

T } - map to the same hidden
: representation.
1. Fold along the 2. Fold along the
viertical axis horizontal aois
(a)

It Space

/—‘\Flhl Lawer f‘:i]:n.'ln'
N | Al -~
L —

Second Laver
Space

A later partition then
appears in several regions
of the original input space.

LN

<N

=
Lol b

Hal
i

/N
4

>
.t
e

(b) (c)

Composition can multiply the number of affine pieces.

Montufar et al. - Linear regions 50



https://arxiv.org/abs/1402.1869

Exponential growth with depth

Two inputs; four ReLU units per hidden layer.

Linear regions (log scale)

100000
10000
1000
100
10
1 2 3 4 5
Depth L of the deep network
— Deep: realizable lower bound = Shallow: upper bound

Rmax Z 11 - 4L_1

Each added folding layer
can multiply the number
of regions.

The shallow comparison
uses the same total
number of units.

51



Number of linear regions

Two input dimensions; 16 ReLU hidden units in total.

One hidden layer of width 16 Four hidden layers of width 4
16 3 4
R<1+16-+ 0 = 137 R>4°11+4+4+ 0 = 704
At most 137 regions. Some parameters realize at least 704.

Same number of units, different connectivity. Capacity does not guarantee a successful
learned model.
52



Sigmoid

15 o(z)

1 o'(2) = o(2)(1 — o(2))

8
§
é
0.5 « Smooth, with range (0, 1)
« Saturation gives small
0 derivatives in both tails
~6 4 -2 0 2 4 6
’ Used for

Binary probabilities and gates
53



Tanh

Response

1.5

0.5

-0.5

-1.5
-6

tanh(z) = 20(22) — 1

tanh’(z) = 1 — tanh?(2)

« Signedrange (-1, 1)

« Zero-centered, but saturating

Used for

Bounded outputs, recurrent states
54



RelLU

Response

ReLU(z) = max(0, 2)

S(s) — {o, 2 <0

I, 2z>0

* Cheap; no saturation on the
positive branch

« Zerooutput and local gradient
for negative inputs

Used for

MLPs and convolutional networks
55



RelLU and Leaky RelLU

RelLU

Response

max (0, z)

« Zeroresponse for negative inputs

« Aunit may stay inactive across the data

Leaky ReLU

Response

max(az,z), 0<a<1

* Nonzero slope for negative inputs

 PRelLU learns this slope

56



Softplus and ELU

Softplus

5

Response

log(1 + €*)

* Smooth and strictly positive

« Useful for positive scales or rates

ELU, a =1

Response

zZ, z >0
e —1, 2<0
« Negative values; positive linear branch

« Alternative hidden activation

57



GELU and SILU

GELU SiLU / Swishwith B8 =1
5 5
) Q
c 3 2 3
= S
g 1 g 1
1 -1
6 4 2 0 2 4 6 -6 4 2 0 2 4 6
Y4 Z
GELU(z) = 2®(2) SiLU(z) = zo(2)
®: standard normal CDF
* Smooth weighting by a normal CDF * Smooth weighting by a sigmoid

« Used in BERT, alanguage model « Used within SwiGLU layers

58



SwiGLU

Weax + b, 1 SiLU

Wyx + by

Two learned projections

h = SiILU(Wax 4 by) © (W + by)
Yy = Woh + b,
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Match the output to the task

Regression

yeR

* Predict a numerical quantity

 Use anumerical error

Classification

pr=FPo(ly=Ek|z)

* Predict probabilities of categories

« Usethe observed category

61



Recap: multiclass classification

One score for each mutually exclusive class.
= Wouth + b RE
S = out =+ out €

Yy = arg max Sy
k

50/1@, y) =Wy £y}

0/1 loss
O if correct; 1 if incorrect.

62



Softmax converts logits into probabilities

Logits Probabilities
5 1
> 0.67
o =
S 1 1 | 05
O 9
wn o
i 0.24
o B
o) 0]
Walking Running Sitting Walking Running

Pk = Zj €5

0.09
]

Sitting

63



Logit differences and probabilities

Logits: (2, 1, 0) Logits: (4, 2, 0)
1.0 1.0 0.87
0.67
0.5 0.5
0.24
- 0.09 0.12
0.0 1 0.0 ] 0.02
Class 1 Class 2 Class 3 Class 1 Class 2 Class 3

Pi _ gsimss log P _ S;i — 8
Dj Dj

The winning class is unchanged; the predicted probabilities are different.
64



Surrogate loss for classification
Prediction and evaluation

Yy = arg mz?X Sk lo-1 = 1*@75 3/}

Training

O-1 error stays flat until the winning class changes.

Train with cross entropy: a smooth surrogate loss.

65



Labels as target distributions

One-hot target Soft target
1.00
1

0.80

Probability
o
)
Probability
o
(O]

0.10
0.00 0.00 0 ]
Walking Running Sitting Walking Running

qr = 1{k = y}, quzl
k

0.10
]

Sitting
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Maximum likelihood and negative log likelihood

N

HLAX Hpe(yz‘ | x;)

1=1

N

<~ m@in—;logpg(yi | z;)

» Assign high probability to the observed targets.

* Logarithms turn a product into a sum.

67



Cross entropy loss

For a correct class label y and predicted class probabilities p:

(cE (y7 p) = —log Py
For a target distribution g over the classes:

K
H(q,p) =—) qilogpk
k=1

A one-hot |label places all target probability on class y.

68



Cross entropy and the correct-class logit

lcr = —5Sy + logz e

J

Loss

Increasing the correct
logit relative to the others
raises its probability and
lowers the loss.

, O B N W N O

-4 -3 -2 -1 o) 1 2 3 4 5

Correct-class logit s; other logits =0

— Cross entropy —0-1error

The loss keeps decreasing after the predicted class becomes correct.

69



Numerical overflow In softmax

Three logits: 1000, 999, 998. Direct exponentiation in 32-bit floating point gives:

(61000 999 6998)

e’ — (inf, inf, inf)

inf
- > NaN

inf

The intended probabilities are finite: approximately 0.665, 0.245, 0.090.

/70



Stable softmax by shifting logits
(1000, 999, 998) — 1000 = (0, —1, —2)

(e, et e7?) ~ (1,0.368,0.135)

Every exponential is at most 1; the denominator is at least 1.

/1



Stable cross entropy

Compute log probabilities directly from the logits.
J

logpr = (s —m) — logz e~ m, M = mMaxs;
J

lce = —logp,

PyTorch combines these operations in its cross-entropy loss.

/72



Cross entropy loss in PyTorch

import torch
import torch.nn.functional as F

logits = torch.tensor([[1000., 999., 998.11])
labels = torch.tensor([@]) # the first class

F.cross_entropy(logits, labels)
# tensor(0.4076)

cross_entropy takes raw logits and includes log-softmax and negative log likelihood.

/3



Two-class softmax and sigmoid

1 Two mutually exclusive classes
2 el
Z pP1 =
= 05 eSS0 4 eS1
2
s 1

14 e—(s1—50)
0
6 -3 0 3 6

o One logit can store the difference.
Logit difference sl -s0

Z = 81 — S0, plZU(Z), po=1—p

74



Binary cross entropy loss

One logit z describes the probability p of outcome 1.

lpce = —ylogp — (1 —y)log(1l — p)

Use the probability of the observed outcome: p for label 1, or 1 — p for label O.

75



Squared error and a Gaussian model

0.8
2
0.6 yl|lx~N(po(z),o)
>
T 04
a « Assume a fixed variance.
0.2
0  The predictionisthe

-3 -2 -1 0 1 2 3 conditional mean.
Possible target y

— Prediction £ =0 = Prediction u =1

(y—Me(i))Q O

202 I

—logpe(y | ) =

76



Absolute error and a Laplace model

Error distributions

0.6
s>. 04
£
c
A 02
0]
-3 2 1 0] 1 2 3
Residual
— Gaussian = Laplace
L -
y—p|/b
P\Y | )=
(v |n) = 5e

Loss

O = N w AN (Op

Loss as the residual grows

Residual

— Half squared error = Absolute error

Y — [
—logp(y | p) = | ; |+C

77



Squared error and ambiguous outcomes

0.6

0.4

Density

0.2

Targety

— Target g = Mean prediction

Both peaks describe
plausible targets for the
same input.

UMSE Z]E[Y | 5’3] =0

The best mean prediction
lies between the peaks,
where outcomes are rare.

/8



Entropy

Entropy measures the average uncertainty in an outcome.

0.8
H(q) = — E qx log gy,

06 L
g
8 0.4 A predictable outcome has
= low entropy.
S 0.2 PY

0 For two outcomes,

0 0.25 0.5 0.75 1

uncertainty is greatest when
both are equally likely.

Probability of outcome 1

79



Cross entropy and KL divergence

. Pk
H(¢,p)=  H(g)  + Dxulqllp)

target uncertainty  excess expected loss

For a fixed target q, minimizing cross entropy minimizes forward KL.

KL is nonnegative; it is zero when the distributions match.

80



One-hot labels: cross entropy equals KL

gv = Wk=y},  H(qg) =0

1
Dk (qllp) = log p_ = —logpy = fcE
Y

Only the observed class contributes to the loss.

81



Maximum likelihood and forward KL

At a fixed input, g describes the target labels and p gives the model probabilities.

Dxkr(qllpe) = Eqllogg] —E,[logpy)
N——
independent of 6

N
1
L(0) = N > logpe(yi | z:)
i—1

Average the log loss over observed input-label pairs.

82



Forward and reverse KL

The target distribution q is fixed; the model distribution p can change.

Forward KL Reverse KL
q(z) po(x)
Eznq {log ] Epep {log
po () ’ q()
Averages over target outcomes. Averages over model outcomes.
Strongly penalizes missing their Strongly penalizes placing mass where

probability mass. the target is tiny.

83



Fitting a two-mode distribution

0.6 The target has two
separated peaks.

0.4
>
G The model has one peak.
A - Its mean and width can
' change.
0
8 6 4 2 0 2 4 6 8

Outcome x

po(x) = N(z;p,07)

84



Mode covering and mode seeking

Forward KL: mode covering Reverse KL: mode seeking

Missing either target peak is costly. Probability in the gap is costly.

The model broadens to cover both. The model concentrates on one peak.
Deep Learning - Goodfellow, Bengio & Courville



https://www.deeplearningbook.org/contents/prob.html

Zero probabilities and KL direction

Forward KL: a target outcome must receive model probability.

g >0, pp >0 == qilog(qx/pr) = +

Reverse KL: model probability on an impossible target outcome is forbidden.

p>0, . =0 = Dxur(pllq) = +oo

86



Empirical loss

Lirain(0) = %Zg(fb(%)ay?)

1=1

* Empirical risk: average loss on the training data.

 Empirical: measured on the observed samples.

87



Empirical risk minimization

Choose a function from the hypothesis class

. Lrain
Min. Lirain (/)

For a neural network, choose its weights and biases

mHin Ltrain (‘9)

ERM defines the objective. An optimizer searches for a solution.

88



Empirical and population risk

Training examples

Future data

89



Capacity, optimization and generalization

« Capacity: does the model family contain a useful function?
« Optimization: can training find suitable parameters?

* Generalization: do the predictions work on unseen data?

90



Finding a good neural hetwork

Fix the architecture and loss.
How should we choose the weights and biases?

First attempt: random guessing

1. Draw arandom set of parameters.
2. Evaluate its loss on the training data.

3. Repeat and keep the best candidate.

91



Random guessing Iin high dimensions

Ten candidate values for each weight
Choose one value from every column.
w1 w2 w3 Wy Ws We wr ws W9  Wig

® ®

O
@ O

° ®

Candidate value ® Acceptable value O Arandom guess

One acceptable combination out of 10 billion.

Possible combinations

1 weight
10
2 weights

100

10 weights

10 billion
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What else can we do?

* Use local information about the loss.
« Compute it efficiently for millions of parameters.

« Next: gradients, backpropagation and optimizers.
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